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Abstract

The electronic ground state of a periodic systemis usually described in terms of extended
Bloch orbitals, simultaneous eigenstatesof the periodic Hamiltonian and of the direct lattice
translations. An alternativ e represenation in terms of localized orbitals hasbeenintro duced
by Gregory Wannier in 1937; besidesits theoretical relevancein seweral areasof solid-state
theory, it has gained recert prominence due to its connection with the Berry-phase theory
of bulk polarization, the interest in linear-scaling approaches, and with the developmen of
generalalgorithms to derive Wannier functions in the framework of rst-principles electronic
structure calculations. The connection between the Bloch represeration and the Wannier
represernation is realized by families of transformations in a cortinuous space of unitary
matrices, carrying a large degreeof arbitrariness. A few years ago we have developed a
localization algorithm that allows one to iterativ ely transform the extended Bloch orbitals
of a rst-principles calculation into a unique set of maximally-localized Wannier functions
(MLWFs), extending and encompassingBoys formulation for moleculesto the solid-state
case. The localization algorithm is independert of the single-particle electronic structure
approach adopted, or the choice of basisset, and it is straightforwardly applied to extended
or periodic solids and to isolated systems. Additionally , a novel disertanglemert procedure
allows to extract a maximally-connected manifold of any chosendimension from a given
energy window, leading to the extension of the original algorithm to the caseof systems
without gaps(e.g., metals) and removing the limitation to isolated groupsof bandsseparated
by gapsfrom higher and lower manifolds. In this Highlight we will outline and summarize
the main results of the theory and algorithm underlying the maximally-lo calized Wannier-
functions represernation, and review some of the applications that have since appearedin
the literature.
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1 Introduction

The electronicground state of a periodic solid, in the independen-particle approximation,
is naturally labeled accordingto the prescriptions of Bloch's theorem: single-particle
orbitals are assigneda quartum number k for the crystal momertum, together with a
band index n. Although this choiceis widely usedin electronic structure calculations,
alternative represemations are available. The Wannier represetation [1, 2, 3], essehally
a real-spacepicture of localized orbitals, assignsas quantum numbers the lattice vector
R of the cell wherethe orbital is localized, together with a band-like index n.

Wannier functions canbe a powerful tool in the study of the electronicand dielectric prop-
erties of materials: they are the solid-state equivalert of \lo calized molecular orbitals"
[4, 5, 6, 7], and thus provide an insightful picture of the nature of chemical bonding,
otherwisemissingfrom the Bloch picture of extendedorbitals. By transforming the occu-
pied electronic manifold into a set of maximally-localized Wannier functions (MLWFs),
it becomespossibleto obtain an enhancedunderstanding of chemical coordination and
bonding properties via an analysisof factors sud aschangesin shape or symmetry of the
MLWEFs, or changesin the locations of their certers of charge. In particular, the charge
certer of a MLWF provides a kind of classicalcorrespndencefor the \lo cation of an
electron” (or electronpair) in a quantum-medanical insulator, allowing for the de nition
of insightful pair-distribution functions between electronsand ions. This analogyis ex-
tendedfurther by the modern theory of bulk polarization [8, 9], which directly relatesthe
vector sum of the certers of the Wannier functions to the macroscopicpolarization of a
crystalline insulator. Thus, the heuristic iderti cation by which the displacemets of the
Wannier certers provide a microscopicmap of the local polarization eld is augmerned,
via the theory of polarization, by an exact statemert relating the sum of displacemets to
the exact quantum-medanical polarization of the system. Besidethe above points, which
are of obvious physical and chemical interest, the MLWFs are now also being usedas a
very accurateminimal basisfor a variety of algorithmic or theoretical developmens, with
recent applications ranging from linear-scalingapproades[10]to the construction of ef-
fective Hamiltonians for the study of ballistic transport [11], strongly-correlatedelectrons
[12, 13, 14], self-interaction corrections,and photonic lattices [15, 16].

Wannier functions are strongly non-unique. This is a consequencef the phaseindeter-
minacy € &) that Bloch orbitals , have at every wavevector k. This indeterminacy is
actually more generalthan just the phasefactors; Bloch orbitals belongingto an isolated
group of bands(i.e., a setof bandsthat are connectedbetweenthemselhesby degeneracies,
but separatedfrom othersby energygaps)canundergoarbitrary unitary transformations
U petweenthemselhes at every k. We have recerly deweloped a procedure[17] that
can iteratively re ne theseotherwise arbitrary degreesof freedom, so that they lead to
Wannier functions that are well de ned and that are localized around their certers (in
particular, they minimize the secondmomert around the certers). Sud a procedurecan
be applied either to an entire band complex of Bloch orbitals, or just to someisolated
subgroups.
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Figure 1: Amplitude isosurface contours for maximally-localized Wannier functions in Si (left
panel) and GaAs (right panel). Red and blue contours are for isosurfaces of identical absolute
value but opposite signs; Si and As atoms are in green, Ga in cyan. Each unit cell displays
four (spin-unpolarized) equivalent WFs, localized around the centers of the four covalent bonds;
breaking of inversion symmetry in GaAs polarizes the WFs towards the more electronegative

As anion.

2 Method

Electronic structure calculationsare often carried out using periodic boundary conditions.
This is the most natural choicefor the study of perfect crystals and for minimizing nite-
sizee ects in the study of seeral non-periodic systems(e.g., surfacesor impurities). The
one-particlee ective Hamiltonian F then comnutes with the lattice-translation operator
s, allowing oneto chooseas commoneigenstateshe Bloch orbitals j i,

[lq’fR] =0 ) nk(r) = eid)n(k) unk(r) eik.r ; (1)

whereu,,(r) hasthe periodicity of the Hamiltonian. There is an arbitrary phase ,,(k),
periodic in reciprocal space that is not assignedby the Screodingerequationand that we
have written out explicitly. We obtain a (non-unique) Wannier represetation using any

unitary transformation of the form hnk jRni = g &) —k-R .
Z

(2)° 5z
HereV is the real-spaceprimitiv e cell volume,and’ ,(k+ G) = ' ,,(k), for any reciprocal-
lattice translation G. It is easilyshown that the j Rni form an orthonormal set, and that

two Wannier functionsjRni andjR’ni transform into ead other with a translation of a
lattice vectorR R’ [18]. The arbitrarinessthat is preset in ' (k) [or (k)] propagates
to the resulting Wannier functions, making the Wannier represetation non-unique.

jRni = i gm0 —kR g )
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Sincethe electronic energyfunctional in an insulator is also invariant with respect to a
unitary transformation of its N occupiedBloch orbitals, there is additional freedomasso-
ciated with the choiceof a full unitary matrix (and not just a diagonalone) transforming
the orbitals betweenthemselhesat every wavevector k. Thus, the most generaloperation
that transformsthe Bloch orbitals into Wannier functions is given by

Z

(2) Bz

UM e *Rdk (3)

m=1

JRni =

where U is a unitary matrix of dimensionN. Alternativ ely, we can regard this as a
two-step processin which one rst constructs Bloch-like orbitals

Xy
j enki = U(k)J mki (4)

m=1
and then constructs Wannier function jw,i from the manifold of statesj €, i. The
extra unitary mixing may be optional in the caseof a set of discrete bandsthat do not
touch anywhere in the Brillouin zone, but it is mandatory when describing a caselike
that of the four occupied bands of silicon, where there are degeneraciesat symmetry
points in the Brillouin zone. An attempt to construct a single Wannier function from
the single lowest-energyor highest-energyband would be doomedin this case,because
of non-analyticity of the Bloch functions in the neighborhood of the degeneracypoints.
Instead, the introduction of the unitary matrices U allows for the construction of states
j €.k i that are everywhere smaooth functions of k. In this case,the Wannier functions
w,(r R) = jRni, can be shown to beRweII localized: for a R; far away from R,
w,(R; R) isaconbination of termslike ,, u,(0)e*®~R)dk, which are small due
to the rapidly varying character of the exponertial factor [18]. By way of illustration, the
MLWEFs that result from our procedurefor the casesof Si and GaAs are shown in Fig. 1.

2.1 Maximally-lo calized Wannier functions

Seeral heuristic approadieshave beendeweloped that construct reasonablesetsof Wan-
nier functions, reducing the arbitrariness in the U with symmetry considerationsand
analyticity requiremerts [20, 21], or explicitly employing projection techniqueson the oc-
cupiedsubspacespannedby the Bloch orbitals [22,23] At variancewith thoseapproades,
we introduce a well-de ned localization criterion, choosingthe functional
X X

= honjr2joni  hOnjrjoni? = b2, r? (5)
asthe measureof the spreadof the Wannier functions. The sumruns over the n functions
joni; hr2i, andr, = hri, arethe expectationvalueshOnjr?jOni andhOnjrjOni. Given
a set of Bloch orbitals j ki, the goalisto nd the choice of Uﬁfﬁ in (3) that minimizes
the valuesof the localization functional (5). We are able to expressthe gradient G = %
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Figure 2: Isosurface contours for a maximally-localized Wannier function in BaTiOg3 in the
paraelectric (left) and ferroelectric (right) phase. O atoms are in white, Ti yellow, and Ba
green. The WF is one of the 9 originating from the composite group of the O 2p bands, showing
strong and polarizable hybridization between the 2p. orbital of O and the 3d,2 orbitals of Ti,

usually considered empty in an ionic picture. [From Ref. [19]]

of the localization functional with respect to an in nitesimal unitary rotation of our set
of Bloch orbitals
X
Ui U jud + dWS ju i (6)

n
m

wheredW an in nitesimal antiunitary matrix dW = dW sud that

uk) = .+ dw (7)

n

This providesan \equation of motion" for the ewlution of the Ul and of the jRni de-
rivedin (3), towardsthe minimum of ; e.g.,in the steepest-descenapproad small nite

stepsin the direction opposite to the gradiert decreasehe value of , until a minimum
is readhed. The unitary matrices are then usedto construct the Wannier functions via
Eqg. (3), asillustrated for the semiconductorsSiand GaAsin Fig. 1 andfor the ferroelectric
perovskite BaTiO3 in Fig. 2.
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2.1.1 Real-space representation

There are se\eral interesting consequencestemmingfrom the choiceof (5) asthe localiza-
tion functional, that we brie y summarizehere. Adding and subtracting the o -diagonal
2

componerts € = Rmzon IRMTjONi, we obtain the decompsition

n
= ;+€= |+ p+ op (8)

where 1, €, pand op arerespectively

#
X X 2
= honjr2joni hRmjrjoni = ; 9)
n Rm
X X )
€= ARmjrjoni ~;
n Rm#0n
X X )
D= PR njrjoOni ~;
n R#0
X X )
op = AR mjrjOni
m#n R

It canbe showvn that ead of thesequartities is positive-de nite (in particular |, seeRef.

[17]); moreover, | is alsogauge-invarianti.e., it isinvariant under any arbitrary unitary

transformation (3) of the Bloch orbitals. The minimization procedurethus correspnds
2

to the minimization of € = + p. At the minimum, the elemeits hRmjrjOni are
as small as possible,realizing the best compromisein the simultaneous diagonalization,
within the spaceof the Bloch bands considered,of the three position operators x, y and
z (which do not in generalcomnmute when projected within this space).

2.1.2 Reciprocal-space representation

As shovn by Blount [18], matrix elemens of the position operator between Wannier
functions take the form

Z
hRnjrjomi = i (2\/)3 dk € R jr Ul (10)
and
Vv Z
PR njr%jomi = PBE dk € Rhujr FjUnki (11)

These expressiongorovide the neededconnectionwith our underlying Bloch formalism,
sincethey allow usto expresgshe localization functional in terms of the matrix elemens
ofr « andr . In addition, they allow usto calculatethe e ects on the localization of any
unitary transformation of the ju,xi without having to recalculateexpensiwe (at leastwhen
plane-wave basis sets are used) scalar products. We thus determine the Bloch orbitals
Ju,xi on aregular meshof k-points, and will use nite di erencesto evaluate the above
derivatives.
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To proceedfurther, we make the assumption throughout this work that the Brillouin
zone has beendiscretizedinto a uniform Monkhorst-Padk mesh, and the Bloch orbitals
determined on that mesh! Let b be a vector connectinga k-point to one of its near
neighbors, andlet Z bethe number of sud neighborsto beincludedin the nite-di erence
formulas. We use the simplest possible nite-di erence formula for r , i.e., the one
involving the smallestpossibleZ. When the Bravais lattice point group is cubic, it will
only be necessaryto include the rst shellof Z = 6, 8, or 12 k-neighbors for simple cubic,
bcc, or fcc k-spacemeshesyespectively. Otherwise, further shellsmust be included until
it is possibleto satisfy the condition
X
Wy b,bs = o5 (12)
b
by an appropriate choice of a weight w, assaiated with ead shelljbj = b. (For the three
kinds of cubic mesh, Eq. (12) is satis ed with w, = 3=ZI? and a single shell of 6, 8, or
12 neighbors; even in the worst caseof minimal symmetry, only six pairs of neighbors
(Z = 12) are needed,as the freedomto choosesix weights allows oneto satisfy the six
independent conditions comprising Eq. (12)). Now, if f (k) is a smooth function of k, its

gradiert can be expresseds

X
rf(k)=  wyb[f(k+b) f(K): (13)

b

In a similar way,
X
rf®i= wlf(k+b) f(K)]*: (14)
b
It now becomesstraightforward to calculate the scalarproducts involving the reciprocal-
spacederivativesof Egs. (10) and (11), sincethe only elemens neededwill be the matrix
elemerts betweenBloch orbitals at neighboring k-points

M (kb) = mmkjun,k-‘rbi (15)

mn

The M¥:”) are a certral quartity in our formalism, sincewe will expressn their terms all
the cortributions to the localization functional. After somealgebra[17]we canobtain the
relevant quartities neededto computethe spreadfunctional, that we report here starting
from the certer of nth orbital

1 X (k.b)
=y w,bIm InM ;5> (16)
k.,b
to its secondmomert
1 X n 20
hri,, = N W 1 iM&D)2 4 Im In M Kb (17)
k.b

1Even the caseof -sampling { where the Brillouin zoneis sampled with a single k-point { is encompassed
by the above formulation. In this casethe neighboring k-points for are given by the rst shell(s) of reciprocal
lattice vectors; the Bloch orbitals there di er only by phasefactors exp(iG - r) from their counterparts at . The
algebra does becomesimpler, though, and will be discussedin a separate section.
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and the di erent terms in the localization functional

1 X X ; k,b
1= W Wy Nbands JM ( )J ; (18)
k,b mn
1 X X (kb)
b=y W jM (kb2 (19)
k,b m#n
1 X X 2
DI W Im InM &P b or (20)
k,b n

From these,we can calculate the changein the localization functional in responseto an
in nitesimal unitary transformation of the Bloch orbitals asa function of the M, k) once
thesegradierts are available, it is straightforward to construct a procedurethat updates
the U¥) (and consequetly the Mf,'fy;b)) towards the minimum localization.

3 Localization procedure

We now considerthe rst-order changeof the spreadfunctional arisingfrom anin nites-

imal gaugetransformation, given by ulk) = mn T dw,. ) : where dw is an in nitesimal
antiunitary matrix, dW' = dW, sothat ju,i ! ju.i + dW njumkl We seek
an expressionfor d =dW¥). We usethe convertion

d d

- = 21

dw dW,,.,, (21)

nm

(note the reversal of indeces)and introduce A and S as the superoperators A[B] =
(B Bf)=2and S[B]= (B + Bf)=2i. De ning

d“® = ImInMED + b, (22)
VE
Ri = MLIMEEr o REEY = C T = R (23)

miEo

and referring to Ref. [17] for the details, we arrive at the explicit expressionfor the
gradiert of the spreadfunctional

d X

GH = =4 w, A[RKP] g[Tkb)] (24)
k)
dwW k) A

In orderto minimize the spreadfunctional by steepestdescets, we make small updates
to the unitary matrices, asin Eq. (7), choosing

dw® = gk
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where is a positive in nitesimal. We then have, to rst orderin ,
X

d = X tr [GRdw®)] = kGMK? ; (25)
k k

In practice, we take a xed nite step W &), and the wavefunctions are then updated

accordingto the matrix expgl W ®)], which is unitary since W is arntihermitian. The

matrix exg W )] can be straightforwardly constructedfrom the eigervaluesand eigen-
vectors of i W), that is a regular Hermitian matrix.? More e cient minimization

strategiesshould be used when dealing with large systemsor very ne k-point meshes
(e.g., conjugate-gradiets minimizations).

It shouldbe stressedthat the ewlution towards the minimum requiresonly the relatively
inexpensive updating of the unitary matrices, and not of the wavefunctions. We start
from a referenceset of Bloch orbitals juiﬁfi obtained in our rst-principles calculation,
and compute onceand for all the

MO0 = @l i (26)

We then represen the ju,xi (and thus, indirectly, the Wannier functions) in terms of the
ju )i and a set of unitary matrices Uik

junki = JU

m

mkI (27)
We beginwith all the UX) initialized to mn- Then, eat step of the steepest-descenpro-

cedureinvolvescalculating W for a small stepin the direction opposite to the gradiert,
updating the unitary matricesaccordingto

Uk 1 u® expgl w®p (28)
and then computing a new set of M matrices accordingto
M k:b) = )t p Ok.b) yk+b) . (29)

In the most general case,the localization functional can display arti cial \unphysical”
local minima; to avoid these,we typically preparea set of referenceBloch orbitals ju;ok)l
by projection from a set of initial trial orbitals g,(r) correspnding to somevery rough
initial guessg,(r) for the Wannier functions. The g,(r) are projected onto the Bloch

manifold at wavewector k,
X

m

are orthonormalizedvia the Loewdin transformation

X
jenki = (Sil/Q)mnj mki (31)

m

2The unitary matrix exp(W) is obtained diagonalizing H = iW : since W is anti-Hermitian, H is Hermitian
and has real eigervalues | and eigervectors Zmn, such that | = > Zim Hmn er, ; then (exp(W))m is given by

S, Z5 exp(—i n)Zm -
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(whereS,., = h ,«j i), and nally recorverted to cell-periodic functions with
ull(r) = e e, (1) (32)

We then usethis set of referenceBloch orbitals as a starting point for the minimization
procedure.

4 Two limiting cases: Isolated systems and large supercells

The formulation introducedabove can be signi cantly simplied in two important cases,
which merit a separatediscussion.(i) When open boundary conditions are usedinstead
of periodic boundary conditions; this is appropriate for treating nite, isolated systems
(e.g., moleculesand clusters) using localized basis sets, and is the standard approad in
guartum chemistry. In this casethe localization procedurecan be ertirely recastin real
space,and correspndsto determining Boys localizedorbitals of quartum chemistry. (ii)
When the systemstudied can be descrited using a large periodic supercell. This is the
caseof amorphoussolidsor liquids; nite systemscanalsobe described in this way, using
large enough supercells so as to eliminate the interactions with periodic images. The
Brillouin zoneof a large supercellis su cien tly small that integrations over k-vectorscan
be substituted with single-point samplingat its certer (the point).

4.1 Real-space form ulation

We descrile rst the real-spacelocalization procedure, changing notation jRni ! jw;i
to refer to the orbitals of the isolated systemthat \gill becomemaximally localized. We
decor[gp)seagainthe localization functional =~ [hr?i; r?] into an invariant part

1= L Ww[Pr,Qr,] (WhereP = ZA"_.yviilr:;Nij, Q=1 P,andtr refersto asumover all
the statesw;) and a remainder© = ij JTWGT o jw;ij 2 that needsto be minimized.
De ning the matrices X;; = hw;jxjw;i, Xp;; = X X=X Xp, and similarly for Y
and Z, € canbe rewritten as

ij 1g

€=tr[X'?+Y"?+ 2" : (33)

If X, Y, and Z could be simultaneously diagonalized, then € could be minimized to
zero (leaving only the invariant part); for non-commuting matrices this is not generally
possible(although one could choose,asin [24], a preferreddirection of localization). Our
task is then to perform the optimal appraximate simultaneous co-diagonalizationof the
three Hermitian matrices X, Y, and Z by a single unitary transformation. Although a
formal solution for this problemis missing,implemening a numerical minimization (e.qg.,
by steepest-descets or conjugate-gradiet, seebelow) is fairly straightforward. This
problem appearsalsoin the cortext of multivariate analysis[25] and signal processing
[26], and has beenrecerly revisited in relation with the presen localization approad
[27] (seealso Sec.llIA in Ref. [28]). Sincetr [X'Xp] = 0, etc.,

d = 2tr [X'dX + Y'dY + Z'dZ] : (34)
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P
We then consideran in nitesimal unitary transformation jw;i ! jw;i + W;;jw;i
(where dW is antihermitian), from which dX = [X;dW], etc. Inserting in Eq. (34) and
usingtr [A[B;C]] = tr [C[A;B]] and [X’; X]= [X'; Xp], we obtaind = tr [dW G] where
n 0
G=2 [X:Xpl+ [Y.: Y]+ [2:Zp] ; (35)

sothat the desiredgradiert isd =dW = G asgiven above. The minimization can then
be carried out using the generalapproad already outlined.

4.2  -point form ulation

With an appropriate rede nition of the quartities X;;, a similar formulation appliesin
reciprocal spacewhen dealing with isolated or very large systemsin periodic boundary
conditions, i.e., whene\er it becomesappropriate to samplethe wavefunctionsonly at the
-p oint of the Brillouin zone.

We start with the simpler casefor a calculation in a cubic supercell of side L, following
the derivation of Ref. [29]. The maximum-localization criterion turns out to be equivalent
(seeEq. (41) below) to the problem of maximizing the functional

XV
= PXond? + [ Yuni® + i Zn® (36)

n=1

where X,,,,, = h/vmje*izijwni (similar de nitions for Y,,, and Z,,, apply). Once the
gradiert of this functional is determined, its maximization can be performedusing again
a steepest-descen algorithm.? Somesimple algebrashows that the gradiert d =dA,,, is
givenby the sumof [X,,,,(X %, X’ ) X* (Xmm Xnn) andthe equivalert termswith Y
and Z substituted in placeof X . Wethis start the procedureby constructing newmatrices
X @Y™ and ZM via the unitary transformationsX M = exp( AM)X @exp(A™M) (and
similarly for YV and Z®), whereX % = hw!Yje-it=jw¥i and w(r) = ,(r) arethe
Kohn-Sham (KS) orbitals obtained after a corvertional electronic structure calculation.
AMisanN N antihermitian matrix correspndingto a nite stepin the direction of the
gradiert of with respect to all the possibleunitary transformations given by exp( A):
AN = (d =dA)®, where is the length of the steepest-descen step. This processis
repeatedup to corvergencen the functional { asalways, more sophisticatedalgorithms
can be used(e.g.,introducing line seartiesalong , or conjugate-gradien strategies). At
the end of the iterative procedure,the maximally-localized Wannier functions are then
given by the unitary rotation

X A
W, (r) = iexp( AY)

m

m(r) (37)

mn

3Note that in the limit of a single k point the distinction betweenBloch orbitals and Wannier functions becomes
irrelevant, since no Fourier transform from k to R is involved in the transformation (37); rather, we want to nd
the optimal unitary matrix that rotates the ground-state self-consistert orbitals into their maximally-lo calized
represertation.
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of the original N orbitals. The coordinate x,, of the n-th Wannier-function certer (WF C)
is computed using the formula

L L2
Xp = 2—Im InhNnJe‘Zszanl; (38)

with similar de nitions fory, and z,. Eq. (38) hasbeenshown by Restato be the correct
de nition of the expectation value of the position operator for a systemwith periodic
boundary conditions, and had beenintroducedse\eral yearsagoto dealwith the problem
of determining the averageposition of a single electronic orbital in a periodic supercell
[30]. The computational e ort requiredin Egs. (36) and (38) is negligible,oncethe scalar
products neededto construct the initial X (@, Y (© and Z© have beencalculated.

The extensionto supercellsof arbitrary symmetry has beenderived by Silvestrelli [31].
By de ning overlap matrices

Mrlnn = I'ijefiGrerni : (39)

(where G, are the reciprocal lattice vectorsof the unit cell, w; is the Wannier functions),
a functional is de ned as
XV Xe
= W, jM,i° (40)
n=1 [=1
(N¢ is the number of the G, vectors used, and W, is the weight correspnding to the
vector G;). This functional is closelyrelated to the spreadof the Wannier functions:

L 2XV Ko 9 2
= W, [hW,j(Gy 1) jw,i hw,,jGy rjw,i” ]

2
n=1 [=1
L 2 X Xe . G w2
= = Wi (1 jhwgje " jw,ij =) + O(L~?)
2 n=1 [=1 I
L 2 XV Xe )
= 2— W, + O(L_Q) ; (41)

n=1 [=1

wherelL is the supercelldimension. Thus, instead of minimizing the spread,we maximize
the functional to retrievethe MLWFs. The Wannierfunction certer of the n'th occupied
band, r,,, can be computed from

L *X
M= W, G;ImInM_ : (42)

2_ l
Care should be taken when comparing the spreadsof MLWFs calculated in supercells
of di erent sizes. Even for the ideal caseof an isolated molecule,the Wannier certers
and the generalshape of the MLWFs will rapidly read their exactlimit asthe cell sizeis
increased.On the other hand, the numerical valuefor the total spread will display much
slower convergence.This behavior derivesfrom the nite-di erence represetation of the
invariant part of the localization functional (essetially, it's a secondderivative); while ;
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doesnot cortribute to the localization properties of the MLWFs, it doesnumerically add
up in the ewaluation of the spreads,and usually represets the largestterm. This slow
convergencehad already beennoted in the original work [17] when commening on the
convergencepropertiesof  with respect to the spacingof the Monkhorst-Padk mesh.

5 Entangled bands

In the caseof bulk materials, the methods descrilkedin the previoussectionsweredesigned
with isolated groups of bandsin mind. By this we mean a group of bands that may
becomedegeneratewith one another at certain symmetry points or linesin the Brillouin

zone(composite bands), but are separatedfrom all other bandsby nite gapsthroughout
the ertire Brillouin zone (in the caseof disordered systemsit is more appropriate to

think in terms of a gap in the density of states). The valencebands of insulators are
the most important example, and indeed these methods have been applied mostly to

insulating materials. Howeer, in someapplicationsthe bandsof interest are not isolated.
This is the casewhen studying electron transport in metals, which is governed by the
partially lled bandscloseto the Fermi level. The four low-lying antib onding bands of
a tetrahedral semiconductor,which are connectedto higher conduction bands, provide
another example. In both casesthe desiredbandslie within a limited energyrange but

crosswith, or are attached to, other bandswhich extend further out in energy We will

refer to them as entanglel bands.

The di cult y in treating erntangled bands stemsfrom the fact that it is unclear exactly
which N bandsto choose, particularly in those regionsof k spacewhere the bands of
interest are hybridized with unwanted bands. Before the Wannier-localization methods
can be applied, some prescription is neededto extract N states per k point from the
entangled manifold.

We have recenly deweloped a strategy [32] that adchieves this goal with minimal user
intervertion. Once an N -dimensional manifold has been obtained at ead k, the usual
localization procedure,basedon minimizing €, can be usedto generatethe maximally-
localized Wannier functions for that manifold. The problem of computing well-localized
Wannier functions starting from erntangled bandsis then broken down into two distinct
steps. The newfeatureis the rst step (disertangling of the bands,or subspaceselection),
which is outlined below, while the secondstepis the sameasfor isolated groupsof bands.

5.1 The disentangling pro cedure
5.1.1 Method

For de niteness let us supposewe want to disertangle the v e d bands of copper from
the s band which crossesthem (seeFig. 3) and construct a set of well-localized WFs
assaiated with the resulting d bands. Heuristically the d bandsarethe v e narrow bands
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Figure 3: Blue lines: Calculated band structure of copper. Red lines: Interpolated bands
obtained from the five d-like Wannier functions. (a) and (b) differ in the choice of energy

window used in the disentangling step. [From Ref. [32]]

andthe s bandis the wide band. The di cult y arisesbecausehere are regionsof k-space
whereall six bandsare closetogether, sothat asa result of hybridization the distinction
betweend-band and s-band levelsis not meaningful.

First we cut out an energywindow that encompassethe N bandsof interest (N = 5in
our example). Figs. 3(a) and 3(b) correspnd to di erent choicesfor this energywindow.
At ead k-point the number Ny of bandsthat fall inside the window is equalto or larger
than the target number of bandsN . This procedurede nes an N -dimensionalprojective
Hilbert spaceF (k) spannedby the eigenstatesju,xi within the window at somek. If
Nx = N, there is nothing to do there; if NxiN our aim is to nd the N-dimensional
subspaceS(k) F (k) that, amongall possibleN -dimensionalsubspace®f F (k), leads
to the smallest ; [EQ. (18)]. Recall that for an isolated group of bands | is gauge-
invariant, sinceit is an intrinsic property of the manifold of states. Thus | can be
regardedas a functional of S(k). In practice S(k) is speci ed by an orthonormal set of
N pseudeBloch statesje, i, sothat ;= ((fe,g). We will then apply the procedure
of Sec.3 to the manifold of states S(k) in order to obtain a set of MLWFs spanningthis
space(seeFig. 4 for the MLWFs resulting from the disertangled d bands of copper).

142



Figure 4: Contour-surface plots of the two &, Wannier functions associated with the disentangled
d bands of copper shown in Fig. 3. The amplitudes are +0:5=,/V (green) and —0:5=,/V (orange),
where V is the volume of the primitive cell. [From Ref. [32]]

5.1.2 Rationale

Why is minimizing ((f®&,x0) a sensiblestrategy for picking out the d-bands? This can
be understood by noting that | heuristically measuresthe change of character of the
states acrossthe Brillouin zone. Indeed, Eq. (18) shaws that | is small wheneer
jhe, k8, kbl ?, the square of the magnitude of the overlap between states at nearby
k-points, is large. Thus by minimizing | we are choosing self-consistetly at ewery k
the subspaceS(k) that changesaslittle as possiblewith k, i.e., has minimum \spillage"
or mismatdc with neighboring subspaces.In the presem examplethis maximal \global
smaothnessof connection" will be achieved by keepingthe v e well-localizedd-like states
and excluding the more delocalized s-like state. This can be understood from the fact
that isameasureof real-spacdocalization, a property that correlateswith smoothness
in k space.

What is meart by spillagebecomesclear oncewe rewrite Eq. (18) for ((fe,xQ) as

1 X
1= N Wy, Tk (43)
kp b
with
Tb = tr[Pc Qusnl; (44)
P
whereP, = je.ihe,j is the projector onto S(k), Qx = 1 P, and the indecesm; n
runoverl;:::;N. Ty, is calledthe spillagebetweenthe spacesS(k) and S(k+ b) because

it measureghe degreeof mismatd betweenthem, vanishingwhen they are idertical.

5.1.3 Numerical algorithm

The minimization of ; inside an energy window is corveniertly done using an alge-
braic algorithm. The stationarity condition {(fe,xg) = O, subject to orthonormality
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constrairts, is equivalert to solving the set of eigervalue equations
hx [
Wy Peib J8ud = ok Bkl (45)
b
Clearly these equations, one for eat k point, are coupled, so that the problem has to
be solwed self-consistetly throughout the Brillouin zone. Our strategy is to proceed
iteratively until the maximal \global smoothnessof connection”is achieved. On the i-th
iteration we go throughgall the k-points in the grid, and for ead of them we nd N
orthonormal states afjﬂ , de ning a subspaceS®”(k) F (k) sud that the spillageover
the neighboring subspaces~(k + b) from the previousiteration is assmall aspossible.
In this iterativ e formulation one solvesat ead step the set of equations
hx [ E
w P el = el (46)
b

When constructing S® (k) one should pick the N eigervectors of Eq. (45) with largest
eigervalues, sincethat choice ensuresthat at self-consistencythe stationary point cor-
responds to the absolute minimum of ;. Self-consistencyis achieved when S (k) =
St=1D(k) at all the grid points. We have encourered casesvherethe iterative procedure
outlined above was not stable. In those cases,the problem was solved by using as the
input for ead step a linear mixing of the input and output subspacegrom the previous
step.

In practice we solve Eq. (46) in the basisof the original Ny Bloch eigenstategu,xi inside
the energywindow. Ead iteration then amourts to diagonalizingthe following N, Ny
Hermitian matrix at ewvery k:
D X h [ E
ZO®K) = U w, PO Uk (47)
b

Since these are small matrices, eat step of the iterative procedureis computationally
inexpensive. The most time-consumingpart of the algorithm is the computation of the
overlap matrices M :P), We stressthat all M <*) are computed onceand for all at the
beginning of the Wannier postprocessing,using the original Bloch eigenstatesinside the
energywindow [Eq. (26)]; all subsequen operationsin the iterative minimization of
involve only denselinear algebraon small Ny, Ny matrices. (An analogoussituation
occursduring the minimization of € to obtain the MLWFs: seeEqgs. (28)-(29).)

As indicated above, having selectedthe maximally-connectedN -dimensional subspaces
S(k), in a secondstep we work within those subspacesand minimize € using the same

algorithm asfor isolatedgroupsof bands. The endresultis a setof N maximally-localized

WFs and the correspnding N energybands (red linesin Fig. 3), which are computed

from the WFs using an interpolation scheme.

Sincein eat step we have separately minimized the two terms, ; and €, comprising
the total Wannier spread , we canregardthe resulting orbitals asthe N most-localized
Wannier functions that can be obtained using statesinside the energywindow. It should
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be understaod that the Bloch-like statesja,xi spanningthe optimal subspacesS(k) do
not simply correspnd, by unitary rotation, to a subsetof the Bloch eigenstatesinside
the window. Accordingly, the assaiated N energybands do not reproduce exactly any
subset of the original bands throughout the Brillouin zone. The di erences are more
pronouncedwhere hybridization with unwanted bandsin the original band structure was
the strongest. The disertangling procedurecan be easily modi ed [32] so that inside a
second\\inner") energywindow the original Bloch states{ and hencethe original bands{
are exactly reproduced. The result of suc a procedureis illustrated in Fig. 5 for copper.
The two-window technique hasbeenappliedrecerily to electromagnetichandsin photonic

crystals [15].

Outer window

_\

—

Inner window

G X W L G K

Figure 5: Blue lines: Calculated band structure of copper. Red lines: Interpolated bands for the
maximally-connected seven-dimensional subspace using both an “outer” and an “inner” energy
window. Inside the latter window the original and interpolated bands are identical. [From Ref.

[32]]

6 Discussion

6.1 Alternativ e localization criteria

Evenafter the non-uniquenes®fthe Wannier functionsis resoled (in our caseby xing all
the gaugefreedomsvia the constraint of minimal quadratic spread),we are still left with
an indeterminacythat followsfrom the existenceof di er ent plausiblelocalization criteria.
Other measuref localization have beenusedin the chemistry literature besideghe most
popular oneof Boys [7]. For example,the Coulonb self-repulsioncan be maximized, asin
the Edmiston-Ruedemerg approad [33], or the projection on a Mullik en population, as
in the Pipek-Mezeyapproad [34]. No matter which criterion is used,the vector sum of
all Wannier certers over a primitiv e cell remainsgauge-irvariant, sothat the connection
to the macroscopicpolarization is equally true for all localization criteria. Howeer,
the individual charge certers [35], the shapes, and even the symmetriesof the Wannier
functions may depend upon the choice of gauge(or of the choice of localization criterion
that leadsto the choice of gauge).
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For isolatedmoleculesthereis aslight theoretical preferencdor the Edmiston-Ruedeterg
criterion, dueto its ability to clearly separate - and -like orbitals in doublebonds. (The
Boys criterion often mixes the two into so-called\banana" orbitals [34].) A well-known
and most seere problem is the description of carbon dioxide (at least if the traditional
O=C=0 Lewis picture is upheld), where the Boys criterion leadsto two triple bonds
betweenthe carbon and the oxygen, and one lone pair on eat oxygen [36]. (We note
in passingthat this is actually reminiscett of CO, being a resonancestructure between
two statesO C-O and O-C 0.) On the other hand, the Boys criterion leads,in almost
all other casesto orbitals that are very similar to the Edmiston-Ruedetberg ones,and
at a much reducedcost (cubic vs. quintic scalingwith systemsize). It would be useful
to carry out similar investigations comparing the use of di erent localization criteria in
solids, but to our knowledgethere have beenno direct studiesalong theselines.

Newertheless,we lean towards the view that in most casesthe use of any \reasonable"
localization criterion will lead to rather similar MLWFs that give a qualitatively and
semiquaritativ ely similar description of the systemof interest. The fact that the Boys
and Edmiston-Ruedemerg MLWFs are usually so similar supports this viewpoint. Fur-
ther support comesfrom the fact that we have seenvery little di erence in our results
(especially when consideringsystemswith high symmetry) when even simple projection
techniqueshave beenused[37, 12], along the lines of Eq. (30), without doing afterwards
an actual minimization. For the caseof silicon, localizedorbitals very similar to our ML-
WFs have beenobtained using a linear-scalingfunctional [38] that constrainsthe spread
of an orbital inside a support region of nite (small) radius.

We report here the casecaseof high-pressurehydrogen, a molecular solid that shows
signi cant infrared activity arising from overlap betweenthe constituert molecules. In
particular, we lookedat the individual dipolesofthe MLWFs in an attempt to extract from
them useful physical information. An initial guesswas made for the localized WFs with
the help of trial functions which are bond-ceriered Gaussians(we will call the resulting
orbitals \pro jected WFs"). Their localizationwasthen re ned by actually minimizing the
quadratic spread yielding the MLWFs. Sincethe projected WFs aretotally obliviousto
the localization criterion that one useslater to localizethem further, it seemseasonable
to assumethat the di erence betweenthe projected and the MLWFs is an upper boundto
the di erencesthat would occur betweenWFs obtained usingany two sensibleocalization
criteria.

We shaw in Fig. 6 the results, for the solidin the Cmc2; structure at adensity ofr, = 1.52,
for which the averager.m.s. width of the MLWFs is = 1:11 a.u. If we choosethe
r.m.s. width of the initial bond-ceriered Gaussiansto be 1:89 a.u. (1 A), the resulting
projected WFs areessetially indistinguishablefrom the MLWFs. For instance,the curves
correspndingto thosein Fig. 6 arevirtually idertical, and the individual Wannier dipoles
remain the sameto at least six signi cant digits! This is compelling evidencefor a high
degreeof uniguenesf well-localizedWFs in this system,at leastfor our high-symmetry
con gurations. If we were to double the width of the initial Gaussian,somedi erences
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Figure 6: Upper panel: accumulated radial integral of the square of the MLWF's of an hydrogen
molecule in the dense solid, Ir(ro lwy (r)|*dr, as a function of ro, for Cmc2; at ry = 1:52; the
integral starts at the molecular center and converges to one for large rg. Lower panel, thick
lines; accumulated radial integral of the Cartesian components of the Wannier dipole moment,

-2 r|w; (r)[2dr (the X-component vanishes by symmetry for all r); the arrows denote the

I |{ro
converged values. The thin lines correspond to the WF obtained from bond-centered Gaussians

with a r.m.s. width of 2.0 A. [From Ref. [37]]

would start to appear. These are barely visible in the accunulated radial integral of
the probability (seeFig. 6) but becomenoticeable,although still relatively small, in the
radially integrated dipole (lower panel of Fig. 6). For instance, the large y-componert
of the dipole changesby around 2% (in Cmc2; the z-componert is xed by symmetry:
d.(n) = V(Pwac),=2, Wwheren = 1; 2 labels the moleculein the primitiv e cell).

The dielectric decompsition of the chargedensity of an extendedsysteminto well-de ned
Wannier dipoleswas rst introducedfor the caseof liquid water by Silvestrelli and Par-
rinello [39]. Sud analysiso ers an enlightening picture of the electronic properties of a
disorderedsystemthat wouldn't otherwisebe available from the charge density alone,or
from the eigenstatesf the Hamiltonian. For the caseof water a study was performed[40]
spanningthe phasediagram at intermediate stepsbetweennormal and supercritical con-
ditions. Closeto the low-density supercritical point there appearsa shift in the average
value for the Wannier dipoles,from a value around 3 Debye under normal conditions
(this is atypical valuefor liquid water [41]) to a much lower value closeto the supercritical
point, approading the 1.86 Debye limit represeting the dipole momert of an isolated
molecule. This is a clear signature of the destabilization of the H-bond network, and
the appearanceof more and more water moleculeswith only weak interactions with their
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Figure 7: Distribution of the Wannier dipoles in supercritical water at a density of 0.32 g=cm?
(a), and 0.73 g=cm?® (b), compared with water at normal conditions (c).

neighbors (seeFig. 7).

It should be noted that the decompsition into Wannier dipolesis closerto the decom-
position of the charge densily into static (Szigeti) chargesthan to a decompsition into
dynamical (Born) charges. The rst one correspndsto a spatial decompsition of the
total electronicchargedensity, while the secondis connectedwith the forcethat appears
on an atom in responseto an applied electric eld. Similarly, the Wannier dipolesprovide
a decompsition of the dielectric properties, maintaining the constrairt that the total
macroscopicpolarization is correctly reproduced, but they do not descrile the torque
that would be exerted on the individual moleculesby an electric eld [42].

6.2 Open questions

There are se\eral open questionsthat require further investigation, and represen intrigu-
ing directions towards a better formal understanding of the properties of the Wannier
transformation.

We found that the MLWFs always turn out to bereal in character, evenif in the general
caseof a mesh of k-points di erent from the Bloch orbitals themseles (and their
periodic parts) will be complex. Even if this result seemsplausible, we haven't beenable
to nd or dewlopa prooffor it (in the -sampling formulation it becomesnsteada trivial

outcome,sincethe orbitals can always be chosento bereal to start with, propagatingthis
characteristic acrossthe minimization procedure).

Another related question hasto do with the existenceof concurrert minima for the lo-
calization functional in the spaceof the unitary matrices: we have found that in general
there are multiple minima presen (that's why we introduced a projection operation as
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a starting condition in (30)), but that only when at the physically-meaningful absolute
minimum the Wannier functions turn out to be real, while in all other casesthey are
intrinsically complex. This characteristic alleviatesthe problemsrelated to minimizing a
multiple-minima functional, sincethe absolute minimum always displays this character-
istic reality (also,we nd that oncethe projection operation is intro duced, minimization
always proceeddo the right minimum, evenwith very poor or randominitial choices). We
attribute the failure in nding the globalminimum in complexcasesif projectionsare not
used,to the complexand random phaserelationship that cantake placebetweenorbitals
in the 3d topology of the Brillouin zone. In the -sampling formulation, on the other
hand, we newer obsene cornvergenceinto a local minimum, and the functional appears
well-behaved, with a single basin of attraction leadingto the global minimum.

Finally, the asymptotic behavior of localizedWannierfunctionsfor the general3-dimensional
caseis still an open question. While des Cloizeaux[43, 44] proved exponertial localiza-
tion for the projection operator for a three-dimensionalmanifold, a similar result for the
individual Wannier functions is still missing. In the caseof one-dimensionakystems,on
the other hand, exponertial localization has been proven [2]; this result has also been
recerly extendedto the determination of the algebraicprefactors modulating the expo-
nertial decgy [45].

7 Applications

Se\eral papers have appearedin the recen literature that make signi cant use of the
MLWFs. We highlight someof thesein here, without the pretenseof being exhaustive
or of encompassingall published results. Broadly speaking, most applications can be
grouped into one of three main themes:

A tool to understandthe nature of the chemical bond.
A descriptor of local and global dielectric properties.

A basisset for linear-scalingapproatesand for constructing model Hamiltionians.

7.1 The Nature of the Chemical Bond

Oncethe electronicground state has beendecompsedinto well-localized orbitals, it be-
comespossibleand meaningfulto study the spatial distribution and the averageproperties
of their certers of charge (the WFCs). Silvestrelli et al. argued[29] that the WFCs can
be a powerful tool to understand bonding in low-symmetry cases represeting both an
insightful and an economicalmapping of the cortinuouselectronicdegreesf freedominto
a set of classicaldescriptors(the position of the WFCs, and the spreadof their MLWFs).
The bene ts of this approad becomeapparen whenstudying the properties of disordered
systems(seeFig. 8 for an example of the MLWFs in the distorted tetrahedral network
of amorphoussilicon). In amorphoussolids the analysisof the microscopicproperties is
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Figure 8: Maximally-localized Wannier functions in amorphous silicon, either around distorted

but fourfold coordinated atoms, or in the presence of a fivefold defect. [From Ref. [46]]

usually basedon the coordination number, i.e., on the number of atoms lying inside a
sphereof a chosenradius r. certered on the selectedatom (r. can be inferred with vari-
ous degreesof con dence from the rst minimum in the pair-correlation function). This
purely geometricalanalysisis completely blind to the actual electronic charge distribu-
tion, which ough to be important in any description of chemical bonding. An analysis
of the full charge distribution and bonding in terms of the Wannier functions would be
rather complex(albeit usefulto characterizethe most commondefects[46]). Instead, just
the knowledge of the positions of the WFCs and of their spreadscan capture most of
the chemistry in the systemand can idertify all the defectspresen. In this, the WFCs
are treated as a secondspeciesof classicalparticles (\classical” electrons,represeted by
their certers), and the amorphoussolid is treated as a statistical asserbly of two kinds
of particles, ions and WFCs.

We shaw in Fig. 9 the Si-Sig(r) pair correlation function averagedover samplesobtained
with high-temperature rst-principles moleculardynamics,and augmert it with the plot
of SI-WFC g,,(r) pair correlation function. Both correlation functions display clear peaks
(around’ 2:4Aand' 1.2 A, respectively) and minima, shaving that the electroniccharge
is mostly localizedin the middle of the covalert bonds,asexpectedfor amorphoussilicon.
Additional smaller peaksappear in the g,(r) correlation function for r around 0.5{1.0
A (seeinset); thesepeakspoint to existenceof a few anomalousMLWFs that are very
closeto a singleSiatom. In orderto make the analysisquartitativ e, we can calculatethe
usual coordination number (integrating the g(r) up to its rst minimum at r. = 2:80 A).
We nd that, on average,96.5% of the Siions are fourfold coordinated, while 3.5 % are
v efold coordinated, in agreemet with previous simulations [47]. We can now introduce
our novel bonding criterion, basedon the locations of the WFCs. The existenceof a bond
betweentwo ionsis de ned by their sharingof a commonWFC located within r,, = 1.75
A of ead ion (this is the position of the rst minimum for the g,(r)). Following this
de nition, we now nd that 97.5% of the Si ions are fourfold bonded; of the remaining
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Figure 9: Left panel: Si-Si (dashed line) and Si-WFC (solid line) pair-correlation functions,
from a 10 ps Car-Parrinello run on a 64-atom supercell. The detailed structure, in the range
0.0-1.5 A, is shown in the inset. Right panel: Snapshots from 2 different timesteps in the
simulation, corresponding to configurations where A and B maintain their coordination (5 and
4 respectively), but change their bonding (5—4 and 4—3 respectively). Small black “atoms”

are the Wannier centers. [From Ref. [29]]

ions,only  0:6 % have v e bonds,while the others are more or lessequally divided into
twofold-bonded and threefold-bondedions. The total density of defective atomsthat we
obtain is similar to that of the coordination analysis,but now the electronic signature of
the defectsemergesn a remarkably di erent way.

This fact is bestillustrated by inspection of someselectedcon gurations from the molecular-
dynamicsruns. We shawv in the middle and right panelsof Fig. 9 two di erent con gura-
tions that have the samecoordination ervironmert (e.g. for the caseofions A and B). For
the initial con guration in (a) we obtain from our bonding analysisthat ion A, v efold
coordinated, hasalso v e bonds, while ion B, fourfold coordinated, has only three bonds
(e.g. no WFC is found betweenion B and ion C). As the ions move (seeFig. 9(b)). the
electroniccon guration alsochanges,and after about 10 psthe WFC located betweenion
A andion B getsewen closerto ion B, at a distanceof 0.57 A, and in sut a way that the
A{B bondis brokenor at least sewerely weakened. In this con guration, accordingto our
criterion, ion A is fourfold bonded, while ion B hasonly two bonds;further inspection of
the density pro le of oneof these\lone pair* MLWFs shavs how it is clearly di erent from
a regular covalert bond. In addition, the spreadis considerablylarger, providing a very
simple criteria that makes electronic defectsstraightforwardly iderti able in a MLWFs
analysis.

Besidesits application to the study of disorderednetworks [49, 50, 51], the above anal-
ysis can also be e ectively employed to elucidate the chemical and electronic properties
accomparing structural transformations. In a recert work on silicon nanoclusters un-
der pressure[52, 53, 48], the location of the WFCs was monitored during compressie
loading (up to 35 GPa) and unloading (seeFig. 10). The analysisof the \b ond angles"
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Figure 10: Collapse and amorphization of a Si cluster under pressure (increasing to 25 GPa (a),
35 GPa (b) and back to 5 GPa (c)). Small red “atoms” are the Wannier centers. [From Ref.
[48]]

formed by two WFCs and their commonsilicon atom shaws considerabledeparture from
the tetrahedral rule at the transition pressure(Fig. 11). At the samepressurethe ML-
WFs becomesigni cantly more delocalized (inset of Fig. 11), hinting at a metallization
transition similar to that happeningfor Si from the diamond structure into  -tin.

Interestingly, the MLWFs analysiscan alsopoint to structural defectsthat do not exhibit
any signi cant electronic signature. Goede&er et al. [54] have recerly predicted {

ertirely from rst-principles { the existenceof a new fourfold-coordinated defect that
is stable inside the Si lattice (seeFig. 12). This defecthad not beenconsideredbefore,
but displays by far the lowest formation energy{ at the density-functional theory level
{ among all defectsin silicon. Inspection of the relevant \defective" MLWFs reveals
that their spreadsremain actually very closeto those typical of crystalline silicon, and
that the WFCs remain equally shared between the atoms, in a very regular covalent
arrangemem. These considerationssuggestthat the electronic con guration is locally
almost indistinguishable from that of the perfect lattice, making this defectdi cult to
detect with standard electronic probes. Also, a low activation energy is required for
the self-annihilation of this defect;this consideration,in conmbination with the \stealth"

electronicsignature, hints at why sud a defectcould have eludedexperimertal discovery
(if it doesindeedexist!) despitethe fact that Siis one of the best studied materials in
the history of technology

Moving towards more complex chemical systems,the MLWF analysis has beenusedin

understandingand monitoring the nature of the bonding under varying thermodynamical
conditions or along a chemical reaction in systemsas diverseasice [55], doped fullerenes
[56], adsorked organic molecules[57), ionic solids[58, 59 and in a study of the Ziegler-
Natta polymerization [60]. This latter case(seeFig. 13) is a paradigmatic example of
the chemicalinsight that can be gleanedfollowing the WFCsin the courseof an ab-initio

simulation. In the Ziegler-Natta polymerization we have an intercornversion of a double
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Figure 11: Distribution of the WFC-Si-WFC bond angles for the configurations shown in Fig.
10. The inset tracks in an histogram the spreads of the MLWFs at different pressures. [From
Ref. [48]]

Figure 12: The recently-discovered fourfold coordinated defect in Si. Si atoms are in green,
vacancies in black, and the centers of the MLWF's in blue, with a radius proportional to their
spread. [From Ref. [54]]
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Figure 13: Propene polymerization at a Ti catalytic site on a MgCl, substrate. The evolution
of the WFCs is shown, going from an isolated propene molecule (a) to the complexation with
the catalyst (b) and to the formation of the polymeric chain (d) via the transition state (c).
The breaking of the double carbon bond becomes clearly evident, as is the -agosticinteraction

manifest in the displacement of one of the C-H centers in the methyl group. [From Ref. [60]]

carbon bond into a singlebond, and a characteristic agosticinteraction betweenthe C-H
bond and the activated metal certer. Both becomeimmediately visible oncethe WFCs
are monitored, greatly aiding the interpretation of the complex chemical pathways.

As discussedefore,the MLWF analysishasbeenpioneeredby the group of M. Parrinello
and applied initially to the study of the properties of liquid water. For example,we shov
in Fig. 14 (left panel) a snapshotfrom a moleculardynamicssimulation, explicitly showving
someof the dynamical connectionsalong hydrogen bonds. The nature of the hydrogen
bond becomesalready explicit in the MLWFs for an isolated water dimer (certer and
right panelsof Fig. 14), where the hybridization between orbitals in the two molecules
is clearly visible. Applications of the Wannier-function technique to water have been
numerous, from studies at normal conditions to high- and low-pressurephasesat high
temperature [39, 41, 40, 61, 62, 63]. Results from one of these simulations are shaovn
in Fig. 15, during a fast dissaiation everts. The work on the structure of pure water
has now beenaugmerted by the study of the sohation and dielectric properties of ions
in water [64, 65, 66, 67, 68]; recerly even more complex biochemical systemshave been
investigated, ranging from wet DNA [69] to HIV-1 protease[70] or to phosphategroups
in di erent ervironmerts (ATP, GTP and ribosomalunits) [71, 72,73, 74].
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Figure 14: Left panel: WFCs (red) from a snapshot of a Car-Parrinello simulation of liquid
water. The hydrogen atoms are in black and the oxygens in white; hydrogen bonds have also
been highlighted. Center panel: MLWF for a O-H bond in a water dimer. Right panel: MLWF

for a lone pair in a water dimer. [Left panel courtesy of P. L. Silvestrelli [41]]

Figure 15: Snapshots of a rapid water-molecule dissociation under high-temperature (1390 K)
and high-pressure (27 GPa) conditions; one of the MLWFSs in the proton-donor molecule is
highlighted in blue, and one of the MLWF's in the proton-acceptor molecule is highlighted in
green. [From Ref. [62]]

Finally, localized orbitals can embody the chemical concept of transferable functional
groups, and thus be usedto construct a good appraximation for the electronic-structure
of complexsystemsstarting for the orbitals for the di erent fragmerts [75).

7.2 Local and Global Dielectric Prop erties

The modern theory of polarization [8, 9] directly relatesthe vector sum of the certers
of the Wannier functions to the polarization of an insulating system. This exact corre-
spondenceto a macroscopicobsenable (rigorously speaking, the changein polarization
[76] upon a perturbation) cannot depend on the particular choice of represetation: the
sum of the Wannier certers is in fact invariant { asit shouldbe { with respect to unitary
transformations of the orbitals [35]. The existenceof this exactrelation betweenclassical
electrostaticsand the quartum-medanical WFCs suggestsa heuristic iderti cation by
which the pattern of displacemets of the WFCs can be regardedas de ning a coarse-

155



grained represemation for the polarization eld P(r). This iderti cation is reinforced
by the insightful chemical description of the ground-state electronic structure that single
MLWFs provide, as shown in the previous section.

A natural application of this formalism is directed towards the description of the Born
dynamical (e ectiv e) charges. The Born dynamical chargesdescrike the changein macro-
scopic polarization induced by the displacemen of a given ion. As sud, they play a
fundamertal role in determining the lattice-dynamical properties of insulating crystals
(e.g., the intensity of infrared absorption), and are a powerful tool to investigate the di-
electric and ferroelectric properties of materials. They alsodeterminethe splitting of the
infrared-active optical modes;in simpler compounds(e.g. GaAs) they can be determined
from the experimertal zone-ceter phonons. Using the MLWF represetation, it becomes
possiblenot only to calculate the Born chargesZ* from the vector displacemets of the
sumof the WFCsinducedby an ionic displacemeny but alsoto naturally decommsethem
into cortributions originating from individual MLWFs. As an example,we have studied
GaAsin a cubic supercellin which one Ga atom hasbeendisplacedalongthe [111]direc-
tion. From the resulting displacemen of the Wannier certers we derive a value for Z¢,,
of 2.04,in good agreemen with other theoretical predictions. Moreover, in arriving at
the total electronicZ;'= 0.96,we nd cortributions of 1.91,+0.65, and +0.30 from
the groupsof four rst-neighbor, twelve second-neighor, and remaining further-neighbor
Wannier certers, respectively. It is interesting to note that inclusion of nearest-neigbor
cortributions alonewould signi cantly overestimatethe magnitude of Z;¢', and that the
second-neighor Wannier certers move in the opposite direction to the Ga atom motion.
If we repeat the calculation displacingone As atom, we obtain a total Z}_  of 2.07. The
electronicZ%'=  7.07 has now cortributions of 1.74, 4.63,and 0.71from the four
rst-neigh bors, twelve second-neighor, and remaining further-neighbor Wannier certers,

respectively.

Sud decomposition is particularly instructive in the caseof perovskite ferroelectrics,
which often display anomalouslylarge e ective chargesin comparisonto their nominal
ionic value [77, 78]. The origin of this e ect lies in the large dynamical charge transfer
that takesplacewhenmoving away from the high-symmetry cubic phase(i.e., going from
more ionic to more covalent bonding). Orbital hybridization is necessaryor this transfer
to take placeand our localized-orbitalsapproad providesan insightful tool in describing
these e ects. If the bonding were purely ionic, electrons (and thus Wannier certers)
would be rmly localizedon eat anion, and move rigidly with it. This is not the casein
perovskites,and the anomalouscortribution islinkedto substartial hybridization between
the oxygen p orbitals and the d orbitals of the atom in the octahedral cage(seeFig. 2 for
a pictorial descriptionof this phenomenon).The picture can be even more complex, with
other group of bandsplaying a role in the anomalousdielectric behavior, whereagainthe
MLWFs decompsition can measurethe di erent cortributions from separategroups of
bands(equivalertly available in a Bloch picture [79, 80, 81]), but alsofrom speci ¢ atoms
or bondsinside a composite group of bands[19)).
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Finally, Wannier functions are a particularly appropriate choice to study the e ects of
applied external elds on periodic or extendedsystems(periodic boundary conditions are
in principle not compatible with constart applied elds). The localization properties of
MLWFs have beendirectly exploited to calculate NMR chemical shifts [82]; also, even if
not strictly necessaryMLWFs would allow for a straightforward implemertation of recert
proposalsto descrite the responseto electric elds for periodic solids[83, 84].

7.3 MLWFs as a basis set: from linear-scaling to model Hamiltonians

One of the most attractiv e featurescalling for the use of localized orbitals in electronic-
structure calculations is their ability to avoid computational bottleneds deriving from
non-local constraints. E.g., standard density-functional approatessu er in the asymp-
totic limit from a cubic-scalingcostdueto their orthonormality requiremernts. This factor
of 8 can be easilyidenti ed by consideringthat if the sizeof a systemstudied is doubled,
there will be twice as many orbitals to consider,eat of them satisfying an orthonor-
mality relation with twice as many orbitals, and with ead overlap integrals having now
a double cost (in order to keepthe sameresolution on a doubled integration domain).
So, localization strategiesare at the coreof currert e orts to deweloptruly linear-scaling
approades. For the caseof orthonormality constrairts, localized orbitals will only need
to have thoseenforcedwith a small number of overlapping neighbors, and that number is
generallyindependert of the systemsize.

A very promisingimplemenation for alinear-scalingalgorithm hasbeenrecertly proposed
in the context of (Diusion) Quantum Monte Carlo calculations [10] and has already
beenapplied to a variety of technologically-relexant nanoscalestructures [85, 86]. In this
formulation, the MLWFs represemation is usedto construct the Slater determinart for
the trial wavefunction, at variancewith the standard choiceof single-electroneigenstates.
The useof MLWFs makesthe Slater determinart sparse,and with the additional bene ts
of introducing storage coststhat are also linear-scaling. The bene ts of this choice are
immediately evidert and showvn in Fig. 16, with a plot for the costof a singlewavefunction
ewvaluation as a function of the total number of electronsand for di erent choicesfor the
basisset.

Besidesthis computational advantages,localizedrepreserations have long beenusedin
theoretical condensed-mattertheory to dewelop model Hamiltonians (e.g. Hubbard, t-J)
ableto capture the physicsof strongly-correlatedfermions. Someof thesederivations are
basedon the Wannier picture, and recent works have taken the direct route of extracting
the relevant interaction parametersfrom the MLWFs themsehes[12,13], with remarkable
successn the description e.g. of the magnetic properties of cuprates. Similarly, MLWFs
can be usedto construct the Green'sfunctions in the Landauer formulation of ballistic
conductance[11], or to extend the formalism of correlated electronsto thermal transport
properties [14].

Finally, lesstraditional approatesinvolve the construction of lattice Wannier functions
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Figure 16: CPU time required to move a single configuration of electrons for one time step in
silicon cluster and fullerenes, using a linear-scaling diffusion Monte Carlo approach that uses
MLWFs as a basis set. [From Ref. [62]]

to model structural phasetransitions in the solid-state [87, 88, 89], or, recerily, photonic
Wannier functions, with completeanalogybetweenperiodic electronicpotentials and their
Bloch or Wannier states, and periodic photonic lattices [90, 15, 16, 91].

7.4 Algorithmic Developments

We concludeby mertioning a number of algorithms and theoretical developmerts closely
linked to the formulation preserted in this work. Theserange from the extension of
the MLWFs represetation to the all-electron case[59], to the dewelopmen of alterna-
tive minimization and localization algorithms [31, 28, 24, 92, 27], and to the many-body
formulation of the position and localization operators[93, 94, 95, 96, 97].

8 Conclusions

We have descriled a theoretical and algorithmic framework for transforming the Bloch
eigenfunctionsinto a localized Wannier represetation. For a composite group of bands
that is isolated (i.e., separatedby gapsfrom other groups), optimal localization proper-
ties are obtained by minimizing a well-de ned localization functional correspnding to the
sum of the secondmomerts of the orbitals aroundtheir certers of charge. The localization
algorithm proceedsby iterating the degreesof freedom of the Wannier transformation,
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i.e., a cortinuous set of unitary matrices de ned ewverywherein the Brillouin zone, with

dimensionequal to the number of bandsto be transformed. This criterion is the exten-
sionto the solid state of the Boys localization criterion for isolated molecules,and reduces
to it when dealing with large supercellscortaining isolated systems. The procedurehas
beenextendedto deal with ertangled energybands,i.e., to the casewhen the bands of
interestsare not separatedby gapsfrom other bands. In this case,localization becomesa
two-fold process. First we extract a maximally-connectedsubspaceof chosendimension
from a given energywindow, essetially requiring that the extracted manifold had min-

imal dispersion of its projection operator acrossthe Brillouin zone. Second,we extract
the maximally-localized Wannier functions from this well-connectedsubspaceusing our
standard localization procedure. Lastly, we have shavn how the localization algorithm

simpli es considerablyin the special caseof -p oint Brillouin-zone sampling appropriate
for large supercells,and outlined the extensionto the use of ultrasoft pseudomtertials

for this case.

Applications of our approad are already numerous,and we have preseried someof the
early results available in the literature. Broadly speaking, there are three classesof
applications where MLWFs have found natural use.

The method is usefulfor the description of the chemical properties of complex sys-
tems, thanks to the intuitiv e connection betweenthe MLWFs and the shape and
symmetry of individual bonds, and the ability of MLWFs to summarizeinformation
about the electronic statesin terms of their certers of charge.

The dielectric properties of complex materials is well descriked in a local language.
In particular, the macroscopicpolarization is exactly related to the vector sum of
the valence-bandWannier certers via the modern theory of polarization. Thus, local
polarization propertiescanbe heuristically represeted by a eld of Wannierdipoles,
and thus, to the speci ¢ activity of well-de ned atom- or bond-like MLWFs.

MLWEFs provide an e cien t and accurateminimal basisset suitable for applications
ranging from linear-scalingapproades, to the dewelopmen of model Hamiltonians
for strongly-correlated systemsor for the electronic-transprt properties, to appli-
cationsoutside the traditional realm of electronic-structurecalculations(e.g.,in the
determination of lattice Wannier functions or photonic Wannier functions).

Further applications of this approad are ervisioned, thanks to the ewer-increasingavail-
ability of public electronic-structure software under the broad umbrella of the GNU
Project / Free Software Foundation (seebelow), and its current incorporation in widely-
usedor distributed electronic-structure padkages,sud as the Car-Parrinello molecular-
dynamicscodesCPMD (IBM/MPI  Stuttgart), JEEP (LLNL), and CP90 (Princeton Uni-
versity/EPFL Lausanne/University of Pisa/MIT).
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10 Web site: www.wannier.org

The maximally-localized Wannier code for isolated, composite groups of bands is avail-
able under the GNU Public Licenseat www.wannier.org, and can be interfacedto any
electronic structure code able to calculate the scalar products M KB = MUk U kbl s A
public-domain versionthat includesthe disertanglemer procedureis alsoin progress.

Appendix: Extension to ultrasoft pseudopotentials

The extensionof the localization formalism to the caseof ultrasoft pseudomtentials for
the caseof -samplingonly is fairly straightforward and has beenrecerly implemerted
(seeRefs. [98, 99). The formalism of Sec.4.2 can be followed, where the appropriate
scalarproducts Milj introducedin (39) are now calculatedvia the augmertation operator
K (r), asde ned in Ref. [100,101]:

M! hw,,jK (r)e= 1 jw,i

hw,,(r)je " C " jw, (r)i + LeCridr hwy,j fih fjw,i: (48)

ij,1

We foreseeno particular di cult y in extendingthe ultrasoft MLWFs formalismto the case
of generalMonkhorst-Pack meshesbut we are not aware of any actual implemertation
to date.
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